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Constabelian codes can be viewed as ideals in twisted group al-
gebras over ﬁnite ﬁelds. In this paper we study decomposition of
semisimple twisted group algebras of ﬁnite abelian groups and
prove results regarding complete determination of a full set of
primitive orthogonal idempotents in such algebras. We also explic-
itly determine complete sets of primitive orthogonal idempotents
of twisted group algebras of ﬁnite cyclic and abelian p-groups.
We also describe methods of determining complete set of primitive
idempotents of abelian groups whose orders are divisible by more
than one prime and give concrete (numerical) examples of minimal
constabelian codes, illustrating the above mentioned results.
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1. Introduction and preliminaries
Let Fl be a ﬁnite ﬁeld of order l and let n be a positive integer coprime to l. Let a ∈ F ∗l = Fl \ {0}.
A linear code C of length n over Fl is said to be a-constacyclic if for (c0, c1, . . . , cn−1) ∈ C , the con-
stacyclically shifted vector (acn−1, c0, . . . , cn−2) ∈ C . In the special case when a = −1, such codes are
called negacyclic. Constacyclic codes can be viewed as ideals in the ring Fl[X]〈Xn−a〉 . Let Cn = 〈x〉 be the
cyclic group of order n. For a ∈ F ∗l , let ψ : Cn × Cn → F ∗l be a cocycle of Cn given by
ψ
(
xi, x j
)= { 1, if i + j < n,
a, if i + j  n.
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ψ
l Cn be the
twisted group algebra of Cn over Fl , corresponding to the cocycle ψ . It follows that
Fl[X]〈Xn−a〉 is isomor-
phic to the twisted group algebra Fψl Cn and hence there is a one to one correspondence between the
constacyclic codes of length n over Fl and the ideals of twisted group algebra F
ψ
l Cn .
Let G be a ﬁnite abelian group. Let ψ : G × G → F ∗l be a cocycle, i.e., satisﬁes the condition
ψ(gh, f )ψ(g,h) = ψ(g,hf )ψ(h, f ) for all g,h, f ∈ G . Let Fψl G be the twisted group algebra, de-
ﬁned as the F -algebra with basis G , in which the multiplication of basis elements is deﬁned by
g.h = ψ(g,h)gh. In general, constabelian codes can be deﬁned as ideals of the twisted group al-
gebra Fψl G . For a general cocycle ψ associated with G , the explicit determination of ideals is very
diﬃcult. However, by Fundamental Theorem of ﬁnite abelian groups G = Cn1 × · · · × Cnt where
n1| · · · |nt and Cni = 〈xi〉. Let ψ : G × G → F ∗l be a cocycle of G , which is the product of cocycles
of Cn1 , . . . ,Cnt given by
ψi
(
xk1i , x
k2
i
)= { 1, if k1 + k2 < ni,
ai, if k1 + k2  ni,
where for 1  i  t , ai ∈ F ∗l . In [10], a code C is called a constabelian code associated with abelian
group G if there exist a1, . . . ,at ∈ F ∗l such that C is an ideal of the ring A= Fl[X1,...,Xt ]〈Xn11 −a1,...,Xntt −at 〉 . It fol-
lows easily that A ∼= Fψl G , where ψ is the product cocycle deﬁned above. Thus, constabelian codes
can be constructed as ideals of twisted group algebras.
The motivation for studying constabelian codes comes from the fact that these codes are better
than cyclic or constacyclic codes in the sense that larger minimum distances can be found in such
generalized codes. Berman in [1] proved that abelian codes give better minimum distances than cyclic
codes. Guan, in his paper [4], found a ternary constabelian code of length 100 and dimension 16,
whose minimum distance 48 exceeds the minimum distance 45 of the best known ternary linear
code of the same length and dimension (see [2]). In fact, in Example 4.3 of this paper a constacyclic
code of length 729 and dimension 243 with minimum distance 3 has been constructed, whereas
in Example 4.6, a constabelian code of the same length but with minimum distance 243 has been
constructed. Constacyclic and constabelian codes are attractive as these can be decoded with slight
modiﬁcations of eﬃcient decoding algorithms for cyclic codes and can serve as an alternate to cyclic
codes. Constabelian codes over ﬁnite Galois rings have been studied in [8] and [9].
Another advantage of constabelian codes is their abundance for the same length and dimension,
i.e., from the splitting of twisted group algebras of cyclic and abelian groups, it follows that over
the same ﬁeld there are more minimal constabelian codes of a given length and dimension than
constacyclic codes.
It is noteworthy to mention here that twisted group algebras and their generalization such as
crossed product algebras have been extensively used in coding theory. For example, in [16] and [17],
twisted group algebras over algebraic number ﬁelds and their maximal orders have been success-
fully used to construct Space Time Block Codes with several useful properties, for transmission using
multiple antennas. Another application of twisted group algebras can be found in [3], in which the
authors recovered an already known ternary extended Golay code as an ideal in a twisted ternary
group algebra of the alternating group A4.
In case the characteristic of the ﬁeld does not divide the order of the group, the twisted group alge-
bra Fψl G , described above, turns out to be semisimple (and obviously Artinian) (see [13]). In case, the
twisted group algebra FψG is semisimple, by Wedderburn–Artin’s theorem, every ideal of FψG is a ﬁ-
nite direct sum of minimal ideals and minimal ideals are in turn generated by primitive idempotents.
Thus, explicit determination of a complete set of primitive idempotents of FψG is of considerable
interest. In general, the explicit construction of all primitive idempotents of twisted group algebra is
very diﬃcult. However, the explicit construction is possible for some special type of cocycles for some
special type of abelian groups. In Section 2, we determine the structure of some semisimple twisted
group algebras, where as in Sections 3, 4 and 5 explicit expressions for primitive idempotents for
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been given.
2. The structure of twisted group algebras
Perlis and Walker in [14] have described the decomposition of semisimple group algebras of
abelian groups into simple components. In this section we shall give a similar decomposition for
some particular type semisimple twisted group algebras of some abelian groups.
The following well-known result characterizes the 2-cocycles of cyclic groups (see, for example [5,
p. 52]).
Proposition 2.1. Let G = Cn be a cyclic group of order n and let K be a ﬁeld. Then the second cohomology
group H2(G, K ∗) is isomorphic to K ∗
(K ∗)n .
Corollary 2.2. Let Cn be the cyclic group of order n and let K be a ﬁnite ﬁeld such that n is coprime to o(K ∗),
the order of the multiplicative group of K . Then H2(G, K ∗) is trivial.
Proof. As n is coprime to o(K ∗), it follows that (K ∗)n = K ∗ . 
From the above corollary it follows that proper constacyclic codes of length n over Fl exist if and
only if gcd(n,o(K ∗)) > 1; otherwise they are equivalent to cyclic codes, as the twisted group algebras
are isomorphic to group algebras in these cases (see [5, p. 17]).
We are now ready to state and prove an analogue of the theorem of Perlis and Walker [14] for
some twisted group algebras.
Theorem 2.3. Let Fl be a ﬁnite ﬁeld of order l and p be an odd prime such that gcd(p, l) = 1 and p|l − 1. For
1 i  n, let Cpri = 〈xi〉 be cyclic groups of order pri and let G = Cpr1 × · · · × Cprn , r1  · · · rn. Let a ∈ F ∗l
such that p|o(aprn−r1 ) and let ψi : Cpri × Cpri → F ∗l be the cocycles given by
ψi
(
xk1i , x
k2
i
)= { 1, if k1 + k2 < pri ,
ap
ri−r1
, if k1 + k2  pri .
Let ψ : G × G → F ∗l be the cocycle of G given by ψ = ψ1ψ2 . . .ψn. Let K be the splitting ﬁeld of xp
r1 − a over
Fl and α ∈ K be such that αpr1 = a. Then
Fψl G =
s+(rn−r1)⊕
i=0
api Fl(αεpi )
where εpi is a primitive p
i th root of unity and api is the number of elements of order p
i in G.
Proof. The proof is by induction on n. Let G = Cpr1 = 〈x1〉 and ψ = ψ1 : G × G → F ∗l be the cocycle
deﬁned above. Let s be the largest integer such that a ∈ (Fl)ps , i.e., there exists an element b ∈ Fl \
(Fl)p such that a = bps and Let α be deﬁned as above, i.e., αpr1 = a. As αpr1−s = b,
xp
r1 − a = xpr1 − bps
= (xpr1−s − b)(xpr1−s(ps−1) + bxpr1−s(ps−2) + · · · + bps−1)
= (xpr1−s − b)bps−1 s∏Φpi ((α−1x)pr1−s),i=1
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i . Now p|o(a) and p|l − 1. Let m be the largest
integer such that pm|l − 1. Supposing F ∗l = Cpm × Cqk11 × · · · × Cqktt , where qi ’s are distinct primes, we
get (F ∗l )
pm ∼= C
q
k1
1
×· · ·×C
q
kt
t
and hence a /∈ (F ∗l )p
m
. Thus it follows that s <m and hence for 1 i  s,
ordpi (l) = 1, where ordpi (l) denotes the multiplicative order of l modulo pi . Consequently by [11,
Theorem 2.47] Φpi (x) factors into linear polynomials over Fl and hence Φpi ((α
−1x)pr1−s ) factors into
polynomials of degree pr1−s over Fl .
Thus,
Φpi
((
α−1x
)pr1−s)= ((α−1x)pr1−s − εpi )((α−1x)pr1−s − ε2pi ) · · · ((α−1x)pr1−s − εφ(pi)pi )
= 1
bφ(pi)
[(
xp
r1−s − bεpi
)(
xp
r1−s − bε2pi
) · · · (xpr1−s − bεφ(pi)
pi
)]
.
Since b /∈ (Fl)p , therefore bεpi /∈ (Fl)p , so that by [6, Lemma 16.5] each of the polynomial xpr1−s −bε jpi
is irreducible over Fl so that
xp
r1 − a = (xpr1−s − b) s∏
i=1
φ(pi)∏
j=1
(
xp
r1−s − bε j
pi
)
,
where φ is the Euler phi function. Thus,
Fψl (Cpr1 )
∼= Fl[x]〈xpr1 − a〉
∼=
s⊕
i=0
φ
(
pi
)
Fl(αεpi ) ∼=
s⊕
i=0
api Fl(αεpi ).
As the polynomial xp
r1 − a factors into irreducible polynomials, each of degree pr1−s over Fl , there-
fore, the ﬁeld extension of Fl which contains α, as well as, pith root of unity is Flpr1−s and hence
Fψl (Cpr1 )
∼= (∑si=0 φ(pi))Flpr1−s = ps Flpr1−s . It is easy to see that as, by assumption, p|o(apri−r1 ), for
1 i  n, Fψil (Cpri ) ∼= pri−(r1−s)Flpr1−s .
Assume, by induction, that
F
ψ1ψ2···ψn−1
l (Cpr1 × · · · × Cprn−1 ) ∼=
rn−1−(r1−s)⊕
i=0
bpi Fl(αεpi ),
where bpi = number of elements of order pi in Cpr1 × · · · × Cprn−1 . Now,
∑rn−1−(r1−s)
i=0 bpi =
ps+r2+r3+···+rn−1 and hence Fψ1ψ2···ψn−1l (Cpr1 × · · · × Cprn−1 ) ∼= ps+r2+r3+···+rn−1 Flpr1−s . Finally
Fψl G
∼= (Fψ1ψ2···ψn−1l (Cpr1 × · · · × Cprn−1 ))ψn Cprn
∼= (ps+r2+r3+···+rn−1 Flpr1−s )ψn Cprn
∼= ps+r2+r3+···+rn−1(Fψn
lp
r1−s Cprn
)
.
Since Fψnl Cprn
∼= prn−(r1−s)F pr1−s , we get that Fψnpr1−s Cprn = prn F pr1−s andl l l
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∼= (ps+r2+r3+···+rn−1).prn Flpr1−s
∼= ps+r2+r3+···+rn(Flpr1−s )
∼=
rn−(r1−s)⊕
i=0
api Fl(αεpi ). 
Theorem 2.4. Let Fl be a ﬁnite ﬁeld of order l, let Cn = 〈z〉 be a cyclic group of order n, n = pr11 pr22 · · · prtt ,
where for 1 i  t, pi are odd primes, gcd(l, pi) = 1, pi |(l− 1). Let a ∈ F ∗l be such that for 1 i  t, pi |o(a).
Let ψ : Cn × Cn → F ∗l be a cocycle given by, for 0 k1,k2  n − 1,
ψ
(
zk1 , zk2
)= { 1, if k1 + k2 < n,
a, if k1 + k2  n,
1 i  t. Let si ’s be largest integers such that a ∈ (Fl)p
s1
1 p
s2
2 ...p
st
t . Let K be a splitting ﬁeld for Xn−a over Fl and
let α ∈ K such that αn = a. Then, denoting the number of elements of order pi11 pi22 . . . pitt in G by api11 pi22 ...pitt ,
Fψl G
∼=
s1⊕
i1=0
s2⊕
i2=0
· · ·
st⊕
it=0
a
p
i1
1 p
i2
2 ...p
it
t
Fl(αεpi11 p
i2
2 ...p
it
t
).
Proof. For 1 i  t , let mi be the largest integer such that pmii |l − 1. Since each pi |o(a), as before, it
follows that each si <mi . Let a = bp
s1
1 p
s2
2 ...p
st
t , where b ∈ Fl \ (Fl)pi , for 1 i  t . Then
xp
r1
1 p
r2
2 ...p
rt
t − a = xpr11 ...prtt − bps11 ...pstt
= (xpr1−s11 ...prt−stt − b).bps11 ...pstt −1 s1∏
i1=0
. . .
st∏
it=0
Φ
p
i1
1 ...p
it
t
((
α−1x
)pr1−s11 ...prt−stt )
(excluding i1 = i2 = · · · = it = 0 in the product). Since for 1  i  t , 1  j  si , ord p ji (l) = 1, it fol-
lows that cyclotomic polynomials Φ
p
i1
1 ...p
it
t
(x) factors into linear factors over Fl and consequently
Φ
p
i1
1 ...p
it
t
((α−1x)p
r1−s1
1 p
r2−s2
2 ...p
rt−st
t ) is a product of polynomials of degree pr1−s11 p
r2−s2
2 . . . p
rt−st
t , each
of which is irreducible as αp
r1−s1
1 p
r2−s2
2 ...p
rt−st
t = b /∈ (Fl)p1p2...pt . Hence
Fψl G
∼= ps11 ps22 · · · pstt F
lp
r1−s1
1 p
r2−s2
2 ···p
rt−st
t
=
s1⊕
i1=0
· · ·
st⊕
it=0
a
p
i1
1 ...p
it
t
Fl(αεpi11 p
i2
2 ···pitt
),
as Fl(αεpi11 p
i2
2 ···pitt
) ∼= F p
r1−s1
1 p
r2−s2
2 ···prt−stt
l . 
3. Primitive idempotents in twisted group algebras
Let G be an abelian group of exponent n and let F be a ﬁeld containing a primitive nth root of
unity such that FG is semisimple. For 1 i  r = |G|, let χi : G → F ∗ be linear characters of G . It is
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given by
ei = 1|G|
∑
g∈G
χi
(
g−1
)
g,
for 1 i  r.
In order to write explicit expressions for primitive idempotents in twisted group algebras, we use
the nomenclature of so called “twisted characters”. Let G = Cm1 ×· · ·×Cmr be an abelian group where,
for 1 i  r, Cmi = 〈xi〉 is a cyclic group of order mi . Let ai ∈ F ∗ and let ψi : Cmi × Cmi → F ∗ be the
cocycles given by
ψi
(
xk1i , x
k2
i
)= { 1, if k1 + k2 <mi,
ai, if k1 + k2 mi,
and let ψ = ψ1ψ2 · · ·ψr be the product cocycle on G . Let K be the spitting ﬁeld of the polyno-
mial (xm1 − a1) . . . (xmr − ar) over F . Let α1, . . . ,αr be ﬁxed roots of the polynomials (xm1 − a1),
. . . , (xmr − ar) respectively in K . For 1  i  r, we deﬁne twisted characters χ ti,si : Cmi → K ∗ by
χ ti,si (x
ki
i ) = (αiεsimi )ki , ki ∈ Z, 0 si mi − 1, where εmi is a (ﬁxed) primitive mith root of unity in K .
The corresponding twisted characters for G is deﬁned as χ ts1s2...sr = χ t1,s1χ t2,s2 · · ·χ tr,sr and is given by
χ ts1s2...sr (x
k1
1 x
k2
2 · · · xkrr ) = χ t1,s1 (x
k1
1 ) · · ·χ tr,sr (xkrr ). Let Ct denote the set of all (such) twisted characters
of G with values in K (observe that |Ct | = |G|). As each twisted character χ t of G is a product of
twisted characters of Cmi , 1  i  r, to simplify the notations we assume that a twisted character
χ t of G is of the form χ t = χ t1χ t2 . . . χ tr , where χ ti are twisted characters of Cmi , 1 i  r. For each
twisted character χ t of G , put
eχ t = 1|G|
∑
g∈G
χ t
(
g−1
)
g
= 1|G|
∑
ti ,t2,...,tr
χ t1
(
x−t11
)
χ t2
(
x−t22
)
. . . χ tr
(
x−trr
)
xt11 x
t2
2 . . . x
tr
r
= 1|G|
∑
t1,t2,...,tr
(
χ t1(x1)
)−t1xt11 (χ t2(x2))−t2xt22 . . . (χ tr (xr))−tr xtrr .
Then, for 1 i  r,
xki e
t
χ =
1
|G|
∑
t1,...,tr
(
χ t1(x1)
)−t1xt11 . . . (χ ti (xi))−ti xki xtii . . . (χ tr (xr))−tr xtrr
= 1|G|
(
χ ti (xi)
)k ∑
t1,...,tr
(
χ t1(x1)
)−t1xt11 . . . (χ ti (xi))−(ti+k)ψi(xki , xtii )xk+tii . . . (χ tr (xr))−tr xtrr .
Observing that for k + ti  mi , ψi(xki , xtii ) = ai so that (χ ti (xi))−(ti+k) = a−1i (χ ti (xi))(−(ti+k−mi )) and
hence
(
χ ti (xi)
)−(ti+k)
ψi
(
xtii , x
k
i
)
x(k+ti−mi) = a−1i
(
χ ti (xi)
)(−(ti+k−mi))
.aix
(k+ti)−mi
= (χ ti (xi))(−(ti+k−mi))x(ti+k)−mi ,
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xki eχ t =
(
χ ti (xi)
)k
eχ t . (1)
Using the observation (3.1) above, repeatedly, we get (as g = xt11 . . . xtrr )
(eχ t )
2 = eχ t .eχ t = 1|G|
∑
g∈G
χ t
(
g−1
)
g.eχ t
= 1|G|
∑
t1,...,tr
(
χ t1(x1)
)−t1
. . .
(
χ tr (xr)
)−tr xt11 . . . xtr−1r−1xtrr eχ t
= 1|G|
∑
t1,...,tr
(
χ t1(x1)
)−t1
. . .
(
χ tr−1(xr−1)
)−tr−1(χ tr (xr))−tr xt11 . . . xtr−1r−1(χ tr (xr))tr eχ t
= 1|G|
∑
t1,...,tr
(
χ t1(x1)
)−t1
. . .
(
χ tr−1(xr−1)
)−tr−1xt11 . . . xtr−1r−1 .eχ t
...
= 1|G|
∑
t1,...,tr
eχ t = 1|G| |G|eχ t = eχ t .
Also, as KψGeχ t = Keχ t ∼= K , it follows that each eχ t is a primitive idempotent. If χ t1,χ t2 ∈ Ct are two
distinct twisted characters, then as eχ t is the only non-zero idempotent of K
ψGeχ t (as K
ψGeχ t ∼= K ),
KψGeχ t1
= KψGeχ t2 and we get that eχ t1 .eχ t2 = 0.
We shall now state and prove a result describing explicit expressions of all primitive idempotents
of certain twisted group algebras. Let G, F ,ψ and K be as above. Let Ct be the set of all twisted
characters of G with values in K . For each twisted character χ t : G → K ∗ deﬁned by χ t(xt11 · · · xtrr ) =
α
t1
1 ε
s1t1
m1 · · ·αtrr εsrtrmr ,0 si mi − 1,1 ti mi , the Galois group Gal(K , F ) acts on Ct by χ t → σoχ t ,
for σ ∈ Gal(K , F ). We have:
Theorem 3.1. Let G = Cm1 × · · · × Cmr be an abelian group, where, for 1  i  r, Cmi = 〈xi〉 is a cyclic
groups of order mi . Let F be a ﬁnite ﬁeld whose characteristic is coprime to the order of G. Let ai ∈ F ∗ and let
ψi : Cmi × Cmi → F ∗ be the cocycle deﬁned by
ψi
(
xk1i , x
k2
i
)= { 1, if k1 + k2 <mi,
ai, if k1 + k2 mi,
and let ψ = ψ1ψ2 . . .ψr be the product cocycle of G. Let K be a splitting ﬁeld of the polynomial (xm1 − a1)
· · · (xmr − ar) over F . Let Ct be the set of all twisted characters of G with values in K and let Ct1 ={χ t11, . . . ,χ t1l1 }, . . . ,Cts = {χ ts1, . . . ,χ tsls } be the orbits of Ct under the action of Gal(K , F ). Then a complete
set {e1, . . . , es} of primitive orthogonal idempotents of the twisted group algebra FψG is given by
ei = 1|G|
∑
g∈G
Trace
F (α1ε
ki1
m1
,...,αrε
ki r
mr )/F
χ ti1
(
g−1
)
g,
where, for 1 j  r, α j ∈ K are ﬁxed roots of xm j − a j and εmj ∈ K are (ﬁxed) primitive m jth roots of unity
and for 1 i  s, χ ti1(x1x2 · · · xr) = α1εki1m1 · · ·αrεkirmr , for suitable values of ki j , 0 kij mj − 1, 1 j  r.
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to F is F (α1ε
ki1
m1 , . . . ,αrε
kir
mr ) = Li and as any automorphism of K restricts to an automorphism of Li
(and every automorphism of Li extends to an automorphism of K ) all twisted characters of the orbit
Cti takes values in Li . Thus,
ei = 1|G|
∑
g∈G
TraceLi/F
(
χ ti1
(
g−1
))
g
= 1|G|
∑
g∈G
∑
σ j∈Gal(Li ,F )
σ joχ
t
i1
(
g−1
)
g
= 1|G|
∑
g∈G
∑
j
χ ti j
(
g−1
)
g
=
∑
j
1
|G|
∑
g∈G
χ ti j
(
g−1
)
g.
Since χ ti j ’s are distinct twisted characters of G with values in K , it follows that each ei is the sum of
orthogonal idempotents of KψG so that for 1  i  s, ei are orthogonal idempotents of FψG . Since
χ ti j , 1 i  s, 1 j  li , yield all characters of G with values in K , we get that
∑s
i=1 ei = 1.
Thus, in order to complete the proof, it only remains to check that each ei is a primitive idempo-
tent of FψG .
Indeed, suppose that ei = e′i + e′′i , for some idempotents e′i and e′′i of F φG . As every idempotent of
KψG is sum (uniquely) of primitive idempotents, at least one of the summands of ei , say, e′i is such
that
e′i = eχ ti1 + · · · ,
where eχ ti1 =
1
|G|
∑
g∈G χ ti1(g
−1)g . Applying the Galois automorphism σ ∈ Gal(K , F ) on coeﬃcients of
these idempotents, we get that ei = eσoχ ti1 + · · · + e′′i , yielding that each eχ tik occur in the decomposi-
tion of e′i . Hence ei = e′i , completing the proof of the theorem. 
4. Minimal constacyclic and constabelian codes for p-groups
To begin with, we shall construct all primitive idempotents in twisted group algebras of cyclic p-
groups. Let G = 〈Cpn 〉 = 〈x〉 be a cyclic group of order pn , where p is an odd prime. Let Fl be a ﬁnite
ﬁeld such that l is coprime to p. Let a ∈ F ∗l and let, as usual, ψ be the cocycle given by
ψ
(
xi, x j
)= { 1, if i + j < pn,
a, if i + j  pn.
Let K be the splitting ﬁeld of xp
n − a over Fl . For 1  i  n, εpi be the primitive pith root of unity.
Depending on the divisibility of l − 1 by p, the following cases arise:
Case I. Suppose that p  l − 1. Then gcd(pn, l − 1) = 1 and we get that a ∈ (Fl)pn . Let ordp(l), the
multiplicative order of l modulo p, be f > 1 and in case we assume that gcd( l
f −1
p , p) = 1, it can be
checked that ordpi (l) = f pi−1, 1 i  n. It then follows that
FψCpn ∼= FlCpn ∼= Fl ⊕ eFl f ⊕ eFl f p ⊕ eF fp2 ⊕ · · · ⊕ eF fpn−1l l l
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f −1
p , p) = 1, a com-
plete set of primitive idempotents is already known in this case, see, for example, [15].
Case II. Suppose that p divides l − 1. Let m be the largest integer such that pm|l − 1. Again, there
are two possibilities; either p  o(a) or p|o(a). In the ﬁrst case, as gcd(pn,o(a)) = 1, it follows that
a ∈ (Fl)pn and as pm|l − 1 but pm+1  l − 1, we get that ordp j (l) = p j−m for m + 1 j  n. Thus, K =
Flpn−m and F
ψ
l C pn
∼= FlCpn ∼= pmFl ⊕ φ(pm)Flp ⊕ · · · ⊕ φ(pm)Flpn−m . Though, in this case, the twisted
group algebra is isomorphic to group algebra, but as here gcd( l
ordp (l)−1
p , p) > 1, the construction of
primitive idempotents in FlCpn does not directly follow from results in [15]. We now brieﬂy describe
the construction in this case. The Galois group Gal(K , Fl) is cyclic of order pn−m generated by the
Frobenius automorphism β → βl, β ∈ K . The twisted characters of Cpn with values in K are given by
χ t : Cpn → K ∗ with χ t(x) = b or χ t(x) = b(εpi )h j , 1 i m, 0 j  φ(pi) − 1 or χ t(x) = b(εpi′ )h
j′′ lk ,
m + 1 i′  n, 0 j′′  φ(pm) − 1, 0 k  p j−m − 1, where εpα denotes the primitive pα th root of
unity and h is a primitive root modulo p (without loss of generality, we can assume that p  h
p−1−1
p )
so that h is also primitive root modulo pi for all i. The orbits of twisted characters under the action
of Gal(K , F ) are:
1. The orbit Ct1 consisting of the twisted character χ t1(x) = b.
2. For 0  i  m, 0  j  φ(pi) − 1, orbits Ct2,i, j , each consisting of single element given by
χ t2,i, j(x) = b(εpi )h
j
(as bεpi ∈ Fl are ﬁxed under Frobenius automorphism).
3. For m + 1  i′  n, 0  j′  φ(pm) − 1, orbits Ct3,i′, j′ , each consisting of pi
′−m elements with
representatives χ t3,i′, j′ (x) = b(εpi′ )h
j′
.
In order to determine idempotents, we need to calculate traces for various twisted character values.
For 1 i m, as bεpi ∈ Fl , for any k, TraceFl/Fl (b(εpi )k) = b(εpi )k . For m+1 j  n, as the cyclotomic
polynomials Φp j (x) factors into
φ(p j)
p j−m = φ(pm) irreducible polynomials, each of degree p j−m , therefore
Φp j (x) = Φpm (xp j−m ), so that the second coeﬃcient in each of the irreducible factor of Φp j (x) is zero,
yielding that TraceF
lp
j−m /Fl (b(εp j )
k′ ) = 0 for every k′ for which b(εp j )k′ /∈ Fl . Hence, using Theorem 3.1,
the expressions for (all) primitive idempotents of twisted group algebra Fψl C pn are:
1. The idempotent e1 = 1pn
∑pn−1
u=0 b−uxu .
2. For 1 i m, 0 j  φ(pi) − 1 the idempotents
e2,i, j = 1
pn
pn−1∑
u=0
(
b(εpi )
h j )−uxu .
3. For m + 1 i′  n, 0 j′  φ(pm) − 1, the idempotents
e3,i′, j′ = 1
pn−i′+m
( ∑
u
pi
′−m|u
b−uε
−h j′ u
pi
′−m
pm x
u
)
.
We ﬁnally take up the case when the twisted group algebra is not isomorphic to the group algebra,
i.e., suppose now that p|o(a) and suppose that m is the greatest integer such that pm|l − 1, then, as
in Section 2, we would have s < m, where s is the largest integer such that a ∈ (Fl)ps , 0  s  n.
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∼= ps Flpn−s and K = Flpn−s . The Galois group Gal(K , F ) is the cyclic group of order pn−s
generated by the Frobenius automorphism β → βl , β ∈ K . As before, let α ∈ K be such that αpn = a
and b ∈ K such that αpn = bps , i.e., αpn−s = b and as earlier
xp
n − a = (xpn−s − b)bps−1( s∏
i=1
Φpi
((
α−1x
)pn−s))
,
when Φpi (x) are cyclotomic polynomials of order p
i . Letting h to be a primitive root modulo pi ,
1 i  n, it follows that
Φpi
((
α−1x
)pn−s)= 1
bφ(pi)
[(
xp
n−s − bεpi
)(
xp
n−s − bεh
pi
) · · · (xpn−s − bεhφ(pi )−1
pi
)]
.
Thus, twisted character of G with values in K are given by χ t(x) = (α(εpn−s+i )h j )lk , 0 i  s, 0 j 
φ(pi) − 1, 0 k pn−s − 1, forming ps orbits under the action of Gal(K , Fl), each consisting of pn−s
elements with representations given by χ ti j = αεh
j
pn−s+i , 0 i  s, 0 j  φ(p
i)− 1. As the coeﬃcients
of the second highest degree in each of the irreducible factor of Φpi ((α
−1x)pn−s ) is zero, we get that
for 0 i  s, 0 j  φ(pi)− 1, TraceF
lp
n−s /Fl (αε
h j
pn−s+i ) = 0, so that, by Theorem 3.1, a complete set of
primitive idempotents of Fψl C pn is given by
ei, j = 1
pn
pn−1∑
u=0
TraceF
lp
n−s /Fl
((
αεh
j
pn−s+i
)−u)
xu .
Observing that when pn−s|u, then (αεh j
pn−s+i )
−u = α−uε−h ju
pn−s+i = b−u/p
n−s
ε
−h ju/pn−s
pi
∈ Fl and hence its
trace will be pn−s times its value and when pn−s  u, then, as before, TraceF
lp
n−s /Fl ((αε
h j
pn−s+i )
−u) = 0.
Thus,
eij = 1
pn
∑
pn−s|u
pn−sb
−u
pn−s
(
εh
j
pi
) −u
pn−s xu
= 1
ps
ps−1∑
t=0
(
bεh
j
pi
)−t
xtp
n−s
,
where for 0 i  s, εh j
pi
∈ Fl , as ordpi (l) = 1.
Example 4.1. Let G = C27 = 〈x〉 be cyclic group of order 27 and let l = 19. Let ψ : C27 × C27 → F ∗19 be
given by
ψ
(
xi, x j
)= { 1, if i + j < 27,
18, if i + j  27.
Now, ord(18) in F ∗19 is 2 and 3  ord(18), so that 18 ∈ (F19)27 as 18 = 1827. Thus x27 − 18 =
x27 − (18)27 = (x − 18)(x − 12)(x − 8)(x − 15)(x − 14)(x − 13)(x − 10)(x − 3)(x − 2)(x3 − 15)(x3 −
14)(x3 − 13)(x3 − 10)(x3 − 3)(x3 − 2). Thus Fψ19C27 = 9F19 ⊕ 6F193 and a complete set of primitive
idempotents is given by:
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0 j  5, ε5 j9 = 4,5,6,9,16,17 respectively.
2. For 0 j′  5, e2,1, j′ = 12(1+ 3∑3|u 18uε −5 j u39 xu).
Example 4.2. Let C27 = 〈x〉 be cyclic group. Let l = 19 and let the cocycle ψ be given by
ψ
(
xi, x j
)={ 1, if i + j < 27,
7, if i + j  27.
Now order of 7 is F19 is 3. In earlier notations, m = 2, s = 1 and over F19, x27 − 7 = (x9 − 4)(x9 −
6)(x9 − 9). Then primitive idempotents of Fψ19C27 are:
e0,0 = 1
3
[
1+ 5x9 + 6x18]= 13[1+ 5x9 + 6x18],
e1,0 = 13
[
1+ 17x9 + 4x18],
e1,1 = 13
[
1+ 16x9 + 9x18].
Example 4.3. Let C729 = 〈x〉 be cyclic group. Let l = 19 and let the cocycle ψ be given by
ψ
(
xi, x j
)= { 1, if i + j < 729,
7, if i + j  729.
Now order of 7 is F19 is 3. In earlier notations, m = 2, s = 1 and over F19, x729 −7 = (x243 −4)(x243 −
6)(x243 − 9). Then primitive idempotents of Fψ19C729 are:
ei, j = 13
2∑
t=0
(
4ε2
j
3i
)−t
xt3
5
for 0 i  2 and 0 j  φ(3i) − 1.
The minimum distance of the code generated by the above mentioned idempotent can be easily
found to be 3.
We shall now take up the non-cyclic abelian p-group G = Cpr × Cpn = 〈x, y|xpr = ypn = 1〉, r  n.
Let gcd(l, p) = 1 and let a ∈ F ∗l . Let ψ1 and ψ2 be cocycles of Cpr and Cpn respectively, given by (for
0 k1,k2  pr − 1, 0 t1, t2  pn − 1)
ψ1
(
xk1 , xk2
)= { 1, if k1 + k2 < pr,
a, if k1 + k2  pr,
and
ψ2
(
yt1 , yt2
)={ 1, if t1 + t2 < pn,
ap
n−r
, if t1 + t2  pn.
Let K be a splitting ﬁeld of xp
n − apn−r over Fl . As in the case of cyclic groups, there are two cases
depending on the divisibility of l − 1 by p:
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ap
n−r = bpn (and hence Fψl (Cpr × Cpn ) ∼= Fl(Cpr × Cpn )). Let f = ordp(l) and e = p−1f . In this case,
we also assume that p is coprime to l
f −1
p . Here K = Fl fpn−1 and Gal(K , Fl) is cyclic group of order
f pn−1 generated by β → βl (assuming gcd( l f −1p , p) = 1 implies that ordpi (l) = f pi−1). Now
xp
r − a = xpr − bpr = (x− b)bpr−1
r∏
i=1
Φpi
(
x
b
)
and
xp
n − apn−r = xpn − bpn = (x− b)bpn−1
n∏
i=1
Φpi
(
x
b
)
,
using Lemma 16.47 of [11], it follows that each Φpi (x) factors into
φ(pi)
f pi−1 = p−1f = e irreducible poly-
nomials each of degree f pi−1. Thus, the twisted characters of G with values in K are given by
χ t : G → K ∗ with χ t(x) = b or b(εpi )h jlk and χ t(y) = b or b(εpi′ )h
j′ lk′ , 1  i  r, 0  k  f pi−1,
0  j  e − 1, 1  i′  n, 0  k′  f pi′−1, 0  j′  e − 1 (as b ∈ Fl implies bl = b) and where εpi
are (ﬁxed) primitive pi th roots of unity. Orbits of twisted characters under the action of Galois group
Gal(K , Fl) given by:
1. Orbit consisting of single twisted character χ t1,1 given by χ
t
1,1(x) = χ t1,1(y) = b.
2. There are (p + 1)e orbits, each consisting of f elements, with representatives:
(a) χ t2, j , 0 j  e − 1, given by χ t2, j(x) = b, χ t2, j(y) = bεh
j
p .
(b) χ t2, j,1, 0 j  e − 1, given by χ t2, j,1(x) = bεh
j
p , χ
t
2, j,1(y) = b.
(c) χ t2, j, j′,k , 0 j, j′  e − 1, 0 k f − 1, given by χ t2, j, j′,k(x) = bεh
j
p , χ
t
2, j, j′,k(y) = bεh
j′ lk
p .
3. For each 1  i  r − 1, there are pi(p + 1)e orbits, each consisting of f pi elements, with repre-
sentatives:
(a) χ t3,i, j , 0 j  e − 1, given by χ t3,i, j(x) = b, χ t3,i, j(y) = bεh
j
pi+1 .
(b) χ t3,i,1, j, j′,t,k , 0 j, j′  e−1, 0 t  i+1, 0 k f pt−1 −1, given by χ t3,i,1, j, j′,t,k(x) = bεh
j
pi+1 ,
χ t3,i,1, j, j′,t,k(y) = bεh
j′ lk
pt .
(c) χ t3,i,2, j, j′,t′,k′ , 1  t′  i, 0  j, j′  e − 1, 0  k′  f pt
′−1, given by χ t3,i,2, j, j′,t′,k′ (x) = bεh
j
pt′ ,
χ t3,i,2, j, j′,t′,k′(y) = bεh
j′ lk′
pi+1 .
4. For each j, r  j  n, there are epr , orbits each consisting of f p j elements, with representatives:
(a) χ t4, j,i , 0 i  e − 1, given by χ t4, j,i(x) = b, χ t4, j,i(y) = bεh
i
p j+1 .
(b) χ t4, j,i,i′,t,k , 0  i, i′  e − 1, 0  t  r, 0  k  f pt−1 − 1, given by χ t4, j,i,i′,t,k(x) = bεh
ilk
pt ,
χ t4, j,i,t,k(y) = bεh
i′
p j+1 .
In all, there are 1+ (p + 1)e +∑r−1i=1 pi(p + 1)e +∑nj=r epr = 1+ (p + 1)e(1+ p + p2 + · · · + pr−1) +
epr(n − r + 1) distinct orbits and hence the same number of primitive idempotents in Fψl (Cpr × Cpn ).
For explicitly determining all these idempotents, using Theorem 3.1, we need to calculate traces of
various twisted characters. Now Φpk (x) = Φp(xpk−1 ). Let Φp(x) = f1(x) . . . fe(x) be the factorization of
Φp(x), where degree of f i(x) = f , 1  i  e. Then Φpk (x) = Φp(xpk−1 ) = f1(xpk−1 ) . . . fe(xpk−1 ). Since
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k−1
) is a monic polynomial of degree f pk−1, which divides Φpk (x), it follows that these
are irreducible factors of Φpk (x) and since the coeﬃcients of the term of second highest degree in
each of these is zero, we get that for each j and s and for 2 k n, TraceF
l f p
k−1 /Fl (ε
h jls
pk
) = 0, where εp
be a ﬁxed primitive pth root of unity. For 0 t  e − 1, put ηt =∑ f−1i=0 εhtlip = TraceFl f /Fl (εhtp ).
These traces, which are elements of Fl , can be effectively evaluated using the properties of “Gaus-
sian periods”, as in [19] for the rational numbers or in [15] for ﬁnite ﬁelds. Using corollary of [18,
p. 39], it follows that for 0 i,k e − 1,
ηiηi+k =
e−1∑
j=0
Akjηi+ j + f νk
where
νk =
⎧⎪⎨⎪⎩
1, if f is even and k = 0,
1, if f is odd and k = 12e,
0, otherwise,
and where Aij ’s are cyclotomic numbers, which are known in terms of Jacobi sums (see [7] and [20]
and for all small values of e, also see [18, Part 1]). Let C = (ci, j)e×e be the e × e integral matrix given
by
ci, j = Ai−1, j−1 − f vi−1.
In case gcd(e, l) = 1, from [15], Theorem 2 (see also [19], Proposition 1), it follows that the trace
values η0, η1, . . . , ηe−1 are eigenvalues of the matrix C with Pi = (ηi, ηi+1, ηi+2, . . . , ηi−1)T as a
corresponding eigenvector with ﬁrst entry ηi for 0  i  e − 1. To simplify the notation, we put
L = {1, l, . . . , l f−1},hL = {h,hl, . . . ,hl f−1}, . . . ,he−1L = {he−1,he−1l, . . . ,he−1l f−1} It also turns out that
the numbers Ai, j ’s are the number of pairs (i, j) such that vi = 1+ v j for vi ∈ hi L and v j ∈ h j L (for
example, see [18]).
Corresponding to representatives of orbits of characters, deﬁned above, all primitive idempotents
of Fψl (Cpr × Cpn ) can now be described as follows:
1. e1,1 = 1pr+n
∑pr−1
u=0
∑pn−1
v=0 b−(u+v)xu yv .
2. (a) For 0 j  e − 1,
e2, j = 1
pr+n
pr−1∑
u=0
b−uxu
(
f
∑
p|u
b−v yv + η0
∑
p−h j v (mod p)∈L
b−v yv + · · ·
+ ηe−1
∑
p−h j v (mod p)∈he−1L
b−v yv
)
.
(b) For 0 j  e − 1,
e2, j,1 = 1
pr+n
pn−1∑
v=0
b−v yv
(
f
∑
p|u
b−uxu + η0
∑
p−h ju (mod p)∈L
b−uxu + · · ·
+ ηe−1
∑
p−h ju (mod p)∈he−1L
b−uxu
)
.
1050 P. Grover, A.K. Bhandari / Finite Fields and Their Applications 18 (2012) 1037–1060(c) For 0 j, j′  e − 1 and 0 k f − 1,
e2, j, j′,k = 1pr+n
(
f
∑
p|(h ju+h j′ lk v)
b−(u+v)xu yv
+ η0
∑
p−(h ju+h j′ lk v) (mod p)∈L
b−(u+v)xu yv + · · ·
+ ηe−1
∑
p−(h ju+h j′ lk v) (mod p)∈he−1L
b−(u+v)xu yv
)
.
3. For each 1 i  r − 1:
(a) For 0 j  e − 1,
e3,i, j = 1
pr+n
( pr−1∑
u=0
b−uxu
)(
f pi
∑
pi+1|v
b−v yv
+ pi
(
η0
∑
p− h j v
pi
(mod p)∈L
b−v yv + · · · + ηe−1
∑
p− h j v
pi
(mod p)∈he−1L
b−v yv
))
.
(b) For 0 j, j′  e − 1, 0 t  i + 1, 0 k f pt−1 − 1,
e3,i,1, j, j′,t,k = 1pr+n
(
f pi
∑
pi+1|(h ju+h j′ pi+1−t lk v)
b−(u+v)xu yv
+ pi
(
η0
∑
p− h ju+h j
′
pi+1−t lk v
pi
(mod p)∈L
b−(u+v)xu yv + · · ·
+ ηe−1
∑
p− h ju+h j
′
pi+1−t lk v
pi
(mod p)∈he−1L
b−(u+v)xu yv
))
.
(c) For 1 t′  i, 0 j, j′  e − 1, 0 k′  f pt′−1 − 1,
e3,i,2, j, j′,t′,k′ = 1pr+n
(
f pi
∑
pi+1|h j pi+1−t′u+h j′ lk′ v
b−(u+v)xu yv
+ pi
(
η0
∑
p− h j pi+1−t′ u+h j
′
lk
′
v
pi
(mod p)∈L
b−(u+v)xu yv + · · ·
+ ηe−1
∑
p− h j pi+1−t′ u+h j
′
lk
′
v
pi
(mod p)∈he−1L
b−(u+v)xu yv
))
.
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(a) For 0 i  e − 1,
e4, j,i = 1
pr+n
pr−1∑
u=0
b−uxu
(
f p j
∑
p j+1|v
b−v yv
+ p j
(
η0
∑
p− hi v
p j
(mod p)∈L
b−v yv + · · · + ηe−1
∑
p− hi v
p j
(mod p)∈he−1L
b−v yv
))
.
(b) For 0 i, i′  e − 1, 0 t  r, 0 k f pt−1 − 1,
e4, j,i,i′,t,k = 1pr+n
(
f p j
∑
p j+1|(hilk p j+1−t u+hi′ v)
b−(u+v)xu yv
+ p j
(
η0
∑
p− hi lk p j+1−t u+hi′ v
p j
(mod p)∈L
b−(u+v)xu yv + · · ·
+ ηe−1
∑
p− hi lk p j+1−t u+hi′ v
p j
(mod p)∈he−1L
b−(u+v)xu yv
))
.
Case II. If p|l−1, there are two subcases depending on the divisibility of o(a) by p. If p  o(a), then, as
before, a ∈ (Fl)pr , there exists b ∈ Fl such that a = bpr ,apn−r = bpn and ordpi (l) = 1 for 1 i m when
pm ‖ l − 1, so that ordp j (l) = p j−m for m + 1 j  n. Also, K = Flpn−m (in case m > n, then K = Fl).
Now,
xp
n − a = xpn − bpn = (x− b)bpn−1
n∏
i=1
Φpi
(
x
b
)
.
It follows that for 1 i m, Φpi (x) factors into linear polynomials and as ordp j (l) = p j−m , Φp j ( xb ) =
Φpm (
x
b )
p j−m = 1
bφ(pi )
(xp
j−m − bεpm )(xp j−m − bεhpm ) · · · (xp
j−m − bεhφ(pm)−1pm ), where h is a primitive root
modulo pα for 1  α  n. Thus, twisted characters of G with values in K are given by χ t : G → K ∗
with χ t(x) = b or bεhi′
pi
or bεh
j′ lk
p j
, 1  i m, 0  i′  φ(pi) − 1, m + 1  j  r, 0  j′  φ(pm) − 1,
0  k  p j−m − 1 and χ t(y) = b or bεhi2
pi1
or bεh
j2 lk
′
p j1
, 1  i1 m, 0  i2  φ(pi) − 1, m + 1  j1  n,
0 j2  φ(pm)−1, 0 k′  p j1−m −1 and the orbits under the action of Galois group Gal(K , Fl) are:
1. For 0  i m, 0  k1  φ(pi) − 1, 0  j m, 0  k2  φ(p j) − 1, the orbits consisting of single
character χ t1,i, j,k1,k2 (x) = b(εpi )h
k1 , χ t1,i, j,k1,k2 (y) = b(εp j )h
k2 .
2. For 0 i  r −m − 1, there are φ(pm)pm+i(p + 1) orbits consisting of pi+1 elements with repre-
sentatives:
(a) For 0  j  φ(pm) − 1, 0  j′ m + i, 0  k  φ(p j′ ) − 1, χ t2,i, j, j′,k given by: χ t2,i, j, j′,k(x) =
b(εm+ip )h
j
, χ t2,i, j, j′,k(y) = b(εp j′ )h
k
.
(b) For 0  j  m + i + 1, 0  j′  φ(p j) − 1, 0  k  φ(pm) − 1, χ t2,1,i, j, j′,k given by:
χ t2,1,i, j, j′,k(x) = b(εp j )h
j′
and χ t2,1,i, j, j′,k(y) = b(εpm+i+1 )h
k
.
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orbits consisting of p j elements with representatives χ t3,i,i′, j,k given by: χ
t
3,i,i′, j,k(x) = b(εpi )h
i′
,
χ t3,i,i′, j,k(y) = b(εp j+m )h
k
.
For 1  i  m, as εpi ∈ Fl, TraceFl/Fl (εpi )h
k = εhk
pi
and by looking at the irreducible factors of
Φp j (
x
b ), it follows that TraceK/Fl (bε
ht
pm+i )
k = 0, for any positive integer k for which (bεht
pm+i )
k /∈ Fl ,
so that using Theorem 3.1, a complete set of primitive idempotents of Fψl (Cpr × Cpn ) is:
1. For 0 i m, 0 k1  φ(pi) − 1, 0 j m, 0 k2  φ(p j) − 1,
e1,i, j,k1,k2 =
1
pr+n
∑
u,v
b−(u+v)ε−(h
k1u+hk2 v)
pi
xu yv .
2. For 0 i  r −m − 1:
(a) For 0 j  φ(pm) − 1, 0 j′ m + i, 0 k φ(p j′ ) − 1,
e2,i, j, j′,k = 1
pr+n−i−1
( ∑
pi |−(h ju+pm+i− j′hkv)
b−(u+v)ε
−(h ju+pm+i− j′hk v)
pi
pm x
u yv
)
.
(b) For 0 j m + i + 1, 0 j′  φ(p j) − 1, 0 k φ(pm) − 1,
e2,1,i, j, j′,k = 1
pr+n−i−1
( ∑
pi |−(h j′ pm+i+1− ju+hkv )
b−(u+v)ε
−(h j′ pm+i+1− j u+hk v)
pi
pm x
u yv
)
.
3. For r −m + 1 j  n −m, 0 i  r, 0 i′  φ(pi) − 1, 0 k φ(pm) − 1,
e3,i,i′, j,k = 1
pr+n− j
( ∑
p j |−(p j+m−ihi′u+hkv)
b−(u+v)ε
−(p j+m−ihi′ u+hk v)
p j
pm
)
xu yv .
In case p|l − 1 and p|o(a), there are again two cases, depending on whether p divides o(apn−r ) or
not.
First, suppose that p|o(apn−r ). Let s be the largest integer such that a ∈ (Fl)ps , so that a = bps for
some b ∈ Fl \ (Fl)p . Proceeding as in the previous section,
xp
r − a = bps−1(xpr−s − b) s∏
i=1
Φpi
((
α−1x
)pr−s)
and
xp
n − apn−r = xpn − bpn−r+s = bpn−r+s−1(xpr−s − b)n−r+s∏ (Φi((α−1x)pr−s)),i=1
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Φpi
((
α−1x
)pr−s)= 1
bφ(pi)
φ(pi)−1∏
j=0
(
xp
r−s − bεh jpi
)
.
In view of this, as K = Flpr−s and Gal(K , Fl) is cyclic of order pr−s , there are ps+n orbits of twisted
characters consisting of pr−s elements under the action of Gal(K , Fl) with representatives given by
χ ti, j,t,t′,k(x) = αεh
j
pr−s+i and χ
t
i, j,t,t′,k(y) = (αεh
j′
pr−s+t′ )
lk ,0 i  s, 0 j  φ(pi) − 1, 0 t′  n − (r − s),
0  k  pr−s − 1, 0  j′  φ(pt′ ) − 1. From the factorization of xpr − a and xpn − apn−r , we get that
TraceK/Fl ((αε
h j
′
pi′ )
lk .t) = 0, for 0  i′  n, 0  j′  φ(pi′ ) − 1, 0  k  pr−s − 1 and for all positive
integers t for which (αεh
j′
pi′ )
lk .t /∈ Fl . Thus, using Theorem 3.1, the expressions for primitive idempotents
of Fψl (Cpr × Cpn ) are:
ei, j,t,t′,k = 1pn+s
( ∑
pr−s|u
pr−s|v
b
− u+lk v
pr−s ε
−h ju
pr−s
pi
ε
−h j′ lk v
pr−s
pt′ x
u yv
)
.
As for 0 i  s, εpi ∈ Fl and for 0 t′  n − (r − s), εpt′ ∈ Fl .
We ﬁnally take up the case when p|l − 1, p|o(a) but p  o(apn−r ), so that apn−r ∈ (Fl)pn . If s de-
notes the largest integer such that a ∈ (Fl)ps , then as p|o(a), it follows that s < m, where, as before
pm ‖ l−1. Now, Fψ1l (Cpr ) = ps Flpr−s and hence Fψ1ψ2l (Cpr × Cpn ) = (Fψ1l C pr )ψ2Cpn ∼= (ps Flpr−s )ψ2Cpn ∼=
ps Flpr−s (Cpn ), as a
pn−r ∈ (Fl)pn yield that ψ2 is a coboundary. Observe that for 1 i m, ordpi (l) = 1
and for m + 1  t  n, ordpt (l) = pt−m , so that for 1  i′  m + (r − s), ordpi′ (lp
r−s
) = 1 and for
m+ r − s+ 1 j′  n, ordp j′ (lp
r−s
) = p j′−(m+r−s) . Thus for 1 i′ m+ (r − s), Φpi′ (x) factors into lin-
ear polynomials over Flpr−s and for m + r − s + 1 j′  n, Φp j′ (x) factors into φ(p
j′ )
p j′−(m+r−s) = φ(pm+r−s)
irreducible polynomials, each of degree p j
′−(m+r−s) . Then K = Flpn−m and as ap
n−r ∈ (Fl)pn , there exists
b′ ∈ Fl such that apn−r = (b′)pn . As before, with α ∈ K such that αpr = a, orbits of twisted characters,
under the action of Gal(K , Fl) are:
1. There are pm+r orbits consisting of pr−s elements:
(a) For 1 i  s, 0 j  φ(pi) − 1, 0 i′ m, 0 j′  φ(pi′ ) − 1 with representatives χ t1,i, j,i′, j′
given by:
χ t1,i, j,i′, j′ = αεh
j
pr−s+i and χ
t
1,i, j,i′, j′(y) = b′(εpi′ )h
j′
.
(b) For 0  i  s, 0  j  φ(pi) − 1, 1  t′  r − s, 0  j′  φ(pm+t′ ) − 1 with representatives
χ t1,1,i, j,t′, j′ given by:
χ t1,1,i, j,t′, j′(x) = αεh
j
pr−s+i , χ
t
1,1,i, j,t′, j′(y) = b′(εpm+t′ )h
j′
.
2. For 0 i  s, 0 j  φ(pi)−1, 1 t′  n−m− (r− s), 0 j′′  φ(pm+r−s)−1 there are φ(pm+r)
orbits consisting of pr−s+t′ elements with representatives χ t2,t′,i, j, j′′ given by:
χ t2,t′,i, j, j′′(x) = α(εpr−s+i )h
j
, χ t2,t′,i, j, j′′(y) = b′(εpm+r−s+t′ )h
j′′
.
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negative integer k, Tracek/Fl ((αε
h j
pr−s+i )
k) = 0 if (αεh j
pr−s+i )
k /∈ Fl and TraceK/Fl ((εh
j′′
pm+r−s+t )
k) = 0 if
(εh
j′′
pm+r−s+t )
k /∈ Fl .
Thus, primitive idempotents corresponding to these orbits are as follows:
1. (a) For 0 i  s, 0 j  φ(pi) − 1, 0 i′ m, 0 j′  φ(pi′ ) − 1,
e1,i, j,i′, j′ = 1pn+r
∑
u,v
TraceF
lp
r−s /Fl
((
αεh
j
pr−s+i
)−u(
b′εh j
′
pi′
)−v
xu yv
)
= 1
pn+r
∑
u,v
(
b′
)−v
ε−h
j′ v
pi′ TraceFlpr−s /Fl
(
α−uε−h
ju
pr−s+i
)
xu yv
= 1
pn+r
(∑
v
(
b′
)−v
ε−h
j′ v
pi′ y
v
)
.pr−s
( ∑
pr−s|u
b
−u
pr−s (εpi )
−h ju
pr−s xu
)
= 1
pn+s
(∑
v
(
b′
)−v
ε−h
j′ v
pi′ y
v
)( ∑
pr−s|u
b
−u
pr−s (εpi )
−h ju
pr−s xu
)
.
(b) For 0  i  s, 0  j  φ(pi) − 1, 1  t  (r − s), 0  j′  φ(pm+t′ ) − 1 (observing that for
0 i  s, εpi ∈ Fl)
e1,1,i, j,t′, j′ = 1pn+r
∑
u,v
(
b′
)−v
TraceF
lp
r−s /Fl
(
α−uε−h
ju
pr−s+iε
−h j′ v
pm+t′
)
xu yv
= 1
pn+s
∑
pr−s|u
pt
′ |v
(
b′
)−v
b
−u
pr−s (εpi )
−h ju
pr−s (εpm )
−h j′ v
pt
′
xu yv .
2. For 1 t′  n −m − (r − s), 0 i  s, 0 j  φ(pi) − 1, 0 j′′  φ(pm+r−s) − 1 (observing that
for 1 i m, εpi ∈ Fl and for 0 i′ m + r − s, εpi−(r−s+m) ∈ Fl)
e2,t′,i, j, j′′ = 1pn+r TraceFlpr−s+t′ /Fl
((
αεh
j
pr−s+i
)−u(
b′εh j
′′
pm+r−s+t′
)−v)
xu yv
= 1
pn+s−t′
∑
pr−s|u
pr−s+t′ |v
(
b′
)−v
b
−u
pr−s (εpi )
−h ju
pr−s (εpm )
−h j′′ v
pr−s+t′ xu yv .
We shall now construct, in some concrete cases, all primitive idempotents of some twisted group
algebras, demonstrating thereby the existence of constabelian (but non-constacyclic) codes.
Example 4.4. Let G = C13 × C169 = 〈x13 = 1 = y169〉 and let l = 5. Note that 13  5− 1. Let ψ = ψ1ψ2,
where
ψ1
(
xi, x j
)= { 1, if i + j < 13,
2, if i + j  13,
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ψ2
(
yi
′
, y j
′)={ 1, if i + j < 169,
213, if i + j  169.
We have 2≡ 213 (mod 5), so that in usual notations, b = 2 and b−1 = 3 in F5. Now, ord13(5) = 4 = f
and it follows that ord169(13) = 52, e = 13−14 = 3. A primitive root modulo 13 is h = 2. Now L =
{1,5,12,8}, 2L = {2,10,11,13}, 4L = {4,7,6,9}. Let ε3i be a primitive 3ith root of unity over F5.
Using Lemmas 5 and 8 of [15] it follows that
C =
(−4 −3 −2
1 2 1
2 1 1
)
.
Whose characteristic equation is x3 + x2 + x + 1 with roots 2,3,4. As (2,4,3)T is an eigenvector
corresponding to the eigenvalue 2 we can take η0 = 2, η1 = 4, η2 = 3 and hence TraceF54 /F5(ε13) = 2,
TraceF54 /F5(ε
2
13) = 4 and TraceF54 /F5(ε413) = 3, F
ψ
5 (C13 ×C169) ∼= F5(C13 ×C169) ∼= F5 ⊕42F54 ⊕39F552 ,
so that Fψ5 (C13 × C169) has 82 primitive idempotents given by:
e0 = 3
12∑
u=0
168∑
v=0
3u+v xu yv ,
e1 = 3
(
12∑
u=0
3uxu
)(
4
∑
13|v
3v yv + 2
∑
169−v (mod 13)∈L
3v yv
+ 4
∑
169−v (mod 13)∈2L
3v yv + 3
∑
169−v (mod 13)∈4L
3v yv
)
,
e2 = 3
(
12∑
u=0
3uxu
)(
4
∑
13|v
3v yv + 2
∑
2(169−v) (mod 13)∈L
3v yv
+ 4
∑
2(169−v) (mod 13)∈2L
3v yv + 3
∑
2(169−v) (mod 13)∈4L
3v yv
)
,
e3 = 3
(
12∑
u=0
3uxu
)(
4
∑
13|v
3v yv + 2
∑
4(169−v) (mod 13)∈L
3v yv
+ 4
∑
4(169−v) (mod 13)∈2L
3v yv + 3
∑
4(169−v) (mod 13)∈4L
3v yv
)
,
for k = 1,2,4, 0 t  12,
e1,k,t = 3
(
4
∑
13|ku+tv
3(u+v)xu yv + 2
∑
13−ku−tv (mod 13)∈L
3(u+v)3(u+v)xu yv
+ 4
∑
13−ku−tv (mod 13)∈2L
3(u+v)xu yv + 3
∑
13−ku−tv (mod 13)∈4L
3(u+v)xu yv
)
,
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e2,k′,t′ = 3
(
2
∑
169|(13t′u+k′v)
3(u+v)xu yv + 3
(
2
∑
169−13t′u−k′v (mod 13)∈L
3(u+v)xu yv
+ 4
∑
169−13t′u−k′v (mod 13)∈2L
3(u+v)xu yv + 3
∑
169−13t′u−k′v (mod 13)∈4L
3(u+v)xu yv
))
.
Example 4.5. Let G = C9 × C27 = 〈x, y|x9 = 1= y27〉, Fl = F19, ψ = ψ1ψ2 be given by
ψ1
(
xi, x j
)= { 1, if i + j < 9,
4, if i + j  9
and
ψ2
(
yi
′
, y j
′)= { 1, if i′ + j′ < 27,
7 = 43, if i′ + j′  27.
Here a = 4 and p = 3 divides o(4) = 9. By above discussion, a complete set of primitive idempotents
of Fψl G are given by (note that 4
−1 = 5 in F19):
1. For 0 k1  8,
ek1 = 14
(
9+ 9
∑
9|i+(19)k1 j
4
−(i+ j(19)k1 )
9 xi y j
)
.
2. For 0 k2  8,
ek2 = 14
(
9
∑
9|i
9| j
4
−(i+(19)k2 j)
9 ε
−(3i+(19)k2 j)
9
9 x
i y j
)
,
where for 1  i  3, ε3i denotes 3ith root of unity and ε3 = 7, ε23 = 11, ε9 = 6, ε29 = 4, ε49 = 9,
ε89 = 5, ε169 = 16, ε329 = 17 are elements of F19.
3. For 0 k3  8,
ek3 = 14
(
9
∑
9|i
9| j
4
−(i+(19)k3 j)
9 ε
9− 3i+2(19)k3 j9
9 x
i y j
)
.
Example 4.6. Let G = C9 × C81 = 〈x, y|x9 = 1= y81〉 and Fl = F19. Let ψ = ψ1ψ2 be given by
ψ1
(
xi, x j
)= { 1, if i + j < 9,
7, if i + j  9
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ψ2
(
yi
′
, y j
′)={ 1, if i′ + j′ < 81,
79 = 1, if i′ + j′  81.
Note that Fψ219 C81
∼= F19C81. As ord(7) = 3 and ord(79) = 1, 3|ord(7) but 3  ord(79). In the notations
of preceding discussion, this example pertains to last case and in usual notation thereof m = 2, s = 1,
as 7 = 43 in F19, b = 4, b′ = 1. Let α ∈ F1932 = K be such that α3 = 4 and h = 5. The required
idempotents are:
1. (a) For 0 i  1, 0 j  φ(3i) − 1, 0 i′  2, 0 j′  φ(3i′ ) − 1,
e1,i, j,i′, j′ = 19.813
[
80∑
v=0
(ε3i′ )
−5 j′ yv
]
.
[∑
3|u
4
u
3 ε
−5 j u
3
3i
xu
]
.
(b) For 0 i  1, 0 j  φ(3i) − 1, 3 i′  4, 0 j′  φ(3i′ ) − 1, 1 t′  2,
e1,1,i, j, j′,i′,t′ = 13.81
[ ∑
3|u
3t
′ |v
4
−u
3 (ε3i )
−5 j u
3 (ε9)
−5 j′ v
3t
′ xu yv
]
.
2. For t′ = 1, 0 i  1, 0 j  φ(3i) − 1, 0 j′′  φ(33) − 1,
e2,t′,i, j, j′′ = 181
[∑
3|u
9|v
4
−u
3 (ε3i )
−5 j u
3 (ε9)
−5 j′′ v
9 xu yv
]
.
One can see that the minimal constabelian code generated by the idempotent e1,0,0,0,0 = 1243 (1+
4x3 + 16x6)(∑80v=0 yv) has minimum distance 3 × 81 = 243, as any element in this ideal will be of
the type α =∑u,v αu,v xu yv .e1,0,0,0,0 =∑u,v αu,v xu .e1,0,0,0,0. Therefore, the minimum distance of this
ideal will be 81 (the length of the element
∑80
v=0 yv ) times the minimum distance of the constacyclic
code of length 9 and dimension 3, which is 3.
5. Primitive idempotents in some more twisted group algebras
In this section we take up the case of abelian groups, which are not p-groups. Let G = H1 × H2 be
an abelian group, where H1 is an abelian p-group and H2 is an abelian q-group, p and q are distinct
primes. Let Fl be a ﬁnite ﬁeld with gcd(l, p) = 1 = gcd(l,q). It is well known that for ﬁnite abelian
groups H1 and H2,
H2
(
H1 × H2, F ∗l
)= H2(H1, F ∗l )× H2(H2, F ∗l )×Hom(H1 ⊗ H2, F ∗l ).
Since p and q are distinct primes, therefore H1⊗H2 = {1} and hence H2(H1×H2, F ∗l ) = H2(H1, F ∗l )×
H2(H2, F ∗l ), so that every cocycle ψ ∈ H2(H1 × H2, F ∗l ) is of the form ψ = ψ1 × ψ2, where ψ1 ∈
H2(H1, F ∗l ), ψ2 ∈ H2(H2, F ∗l ).
Let K be the ﬁnite ﬁeld extension of Fl such that KψG ∼= K ⊕ K · · · ⊕ K and let χ t = χ t1χ t2 be a
twisted character of G = H1 × H2, where χ t1 and χ t2 be twisted characters of G with values in K ∗ .
Now K1 = Fl(χ t1(H1)) and K2 = Fl(χ t2(H2)) be subﬁelds of K obtained by adjoining all the values
1058 P. Grover, A.K. Bhandari / Finite Fields and Their Applications 18 (2012) 1037–1060of χ t1 and χ
t
2 to Fl respectively. Let K
′ = K1 ∩ K2 and K̂ = K1.K2 (the compositum of K1 and K2).
We ﬁrst observe:
Lemma 5.1. In the notations given above, for every g = g1g2 ∈ G = H1 × H2 ,
TraceK̂/Fl
(
χ t(g)
)= TraceK ′/Fl(TraceK1/K ′(χ t1(g1))TraceK2/K ′(χ t2(g2))).
Proof. Observe that all ﬁeld being ﬁnite, all ﬁeld extensions are cyclic. Now,
TraceK̂/Fl
(
χ t(g)
)= TraceK̂/Fl(χ t1(g1).χ t2(g2))
= TraceK ′/Fl
(
TraceK̂/K ′
(
χ t1(g1).χ
t
2(g2)
))
= TraceK ′/Fl
(
TraceK1/K ′
(
TraceK̂/K1
(
χ t1(g1).χ
t
2(g2)
)))
= TraceK ′/Fl
(
TraceK1/K ′
(
χ t1(g1)TraceK̂/K1
(
χ t2(g2)
)))
= TraceK ′/Fl
(
TraceK1/K ′
(
χ t1(g1).TraceK2/K ′
(
χ t2(g2)
)))
(
as
[
K2 : K ′
]= [K̂ : K1])
= TraceK ′/Fl
(
TraceK2/K ′
(
χ t2(g2)
)
TraceK1/K ′
(
χ t1(g1)
))
(
as TraceK2/K ′
(
χ t2(g2)
) ∈ K ′)
= TraceK ′/Fl
(
TraceK1/K ′
(
χ t1(g1)
)
TraceK2/K ′
(
χ t2(g2)
))
. 
We shall now state and prove the main result of this section, which reduces the determination of
primitive idempotents in twisted group algebras of abelian groups to that of abelian p-groups.
Theorem 5.2. Let Fl be a ﬁnite ﬁeld with l elements. Let H1 be an abelian p-group, H2 be an abelian q-
group and let G = H1 × H2 , where p and q are distinct primes such that gcd(l, p) = 1 = gcd(l,q). Let
ψ = ψ1ψ2 ∈ H2(G, F ∗l ) be a cocycle with ψ1 ∈ H2(H1, F ∗l ) and ψ2 ∈ H2(H2, F ∗l ). Let K be a ﬁnite ﬁeld
extension of Fl such that KψG ∼= K ⊕ K · · · ⊕ K . Then for every twisted character χ t = χ t1χ t2 of G with
values in K , where χ t1 and χ
t
2 are respectively twisted characters of H1 and H2 with values in K , the prim-
itive idempotent eχ t = TraceK ′/Fl (e′χ t1 .e
′
χ t2
), where e′
χ t1
and e′
χ t2
are primitive idempotents of K ′ψ1H1 and
K ′ψ2H2 respectively corresponding to χ t1 and χ t2 respectively and where K1 = Fl(χ t1(G)), K2 = Fl(χ t2(G)),
K̂ = K1K2 = Fl(χ t(G)) and K ′ = K1 ∩ K2 .
Proof. For any σ ∈ Gal(K , Fl), σoχ t = σo(χ t1χ t2) = (σoχ t1)(σoχ t2). Thus orbit of χ t under the action
of Galois group Gal(K , Fl) consists of product of elements from orbit of χ t1 and orbit of χ
t
2. Also,
eχ t = 1|G|
∑
g∈G
TraceFl(χ t (G))/Fl
(
χ t
(
g−1
))
g
= 1|G|
∑
g1,g2
TraceFl(χ t1(H1)χ t2(H2))/Fl
(
χ t1
(
g−11
)
χ t2
(
g−12
))
g1g2
= 1|G|
∑
g1,g2
TraceK ′/Fl
(
TraceK ′(χ t1(H1))/K ′
(
χ t1
(
g−11
))
TraceK ′(χ t2(H2))/K ′
(
χ t2
(
g−12
))
g1g2
)
= TraceK ′/Fl
(
e′
χ t
.e′
χ t
)
.1 2
P. Grover, A.K. Bhandari / Finite Fields and Their Applications 18 (2012) 1037–1060 1059Let Gal(K̂ , Fl)=〈σ 〉. Then Gal(K , K ′) = 〈σ t〉, where t=[K ′ : Fl] and Gal(K̂ , Fl)=⋃t−1i=0 σ i Gal(K , K ′).
As Gal(K̂ , K ′) ∼= Gal(K1, K ′) × Gal(K2, K ′), it follows that primitive idempotents of the group algebra
K ′ψG are of the type e′H1e
′
H2
, where e′H1 and e
′
H2
are the primitive idempotents of K ′ψ1H1 and
K ′ψ2H2 respectively.
Let χ t ∈ ChartK (G). The orbit of χ t under the action of Gal(K , Fl) in the union of the orbits Oχ t ,i
of σ ioχ t under the action of Gal(K , K ′), 0 i  t−1. Each Oχ t ,i yield an idempotent of K ′G , namely,
eχ t ,i = 1|G|
∑
g∈G
TraceK̂/K ′
(
σ ioχ t
(
g−1
))
g.
Also,
TraceK ′/Fl (eχ t ,i) =
1
|G|
∑
g∈G
TraceK ′/Fl
(
TraceK/K ′
(
σ ioχ t
(
g−1
))
g
)
= 1|G|
∑
g∈G
TraceK̂/Fl
(
σ ioχ t
(
g−1
)
g
)
= 1|G|
∑
g∈G
TraceK̂/Fl
(
χ t
(
g−1
)
g
)
= TraceK ′/Fl (eχ t ,0).
Hence, all idempotents eχ t ,i , 0  i  t − 1, will yield same idempotent of Fψl G and all the idempo-
tents of Fψl G will be obtained as TraceK ′/Fl (e
′
H1
e′H2), where e
′
H1
and e′H2 are primitive idempotents of
K ′ψ1H1 and K ′ψ2H2 respectively. 
Thus, using the explicit construction of primitive idempotents of twisted group algebras of abelian
p-groups, a complete set of orthogonal primitive idempotents in twisted group algebras of several
abelian groups can be explicitly constructed.
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